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A T r a n s f o r m a t i o n  o f  S o l u t i o n s  

of  D i f f u s i o n  E q u a t i o n s  V a l i d  f o r  C e r t a i n  I n i t i a l  
a n d  B o u n d a r y  C o n d i t i o n s  

Dif fus iv i ty  problems ,  e i ther  w i t h  reference  to  a f lux  of 
ma te r i a l  or  a I lux  of heat ,  f r e q u e n t l y  arise in indust r ia l ,  
l a b o r a t o r y  a n d  biological  sys tems .  A ful l  i nves t iga t ion  
of these  m u s t  i nvo lve  t h e  I o r m u l a t i o n  and  so lu t ion  of  
diffusion equa t ions  wi th  t h e  a p p r o p r i a t e  in i t ia l  and  
b o u n d a r y  condi t ions .  U n f o r t u n a t e l y  t h e  m a t h e m a t i c a l  
p rob l ems  i n v o l v e d  are  usua l ly  diff icul t ,  b u t  th is  is 
c o u n t e r b a l a n c e d  b y  t h e  fac t  t h a t  a large  n u m b e r  of 
so lu t ions  of diffusion e q u a t i o n s  are  p re sen t  in the  
l i t e r a tu re  and  in t e x t b o o k s L  I n  t h e  fol lowing,  diffusion 
of  a so lu te  wil l  be  discussed,  i t  be ing  unde r s tood  t h a t  
on ly  t r iv ia l  modi f i ca t ions  are  r equ i r ed  for t he  analogous  
co n d u c t i o n  of  h e a t  probIems.  

M a n y  m a t h e m a t i c a l  so lu t ions  are  a v a i l a b l e  for those  
cases i n v o l v i n g  two  a d j a c e n t  regions  occup ied  by  two  
media ,  in i t i a l ly  region 1 possessing a un i fo rm concen t ra -  
t ion  c6 and  region 2 possessing zero concen t r a t i on  of 
di f fus ing subs tance ,  diffusion s u b s e q u e n t l y  occur r ing  
f rom region 1 to  region 2. A res is tance  to  t he  f lux  m a y  
or m a y  n o t  be p re sen t  a t  t he  in terface .  The  m a t h e m a t i -  
cal  solut ions,  g iv ing  the  c o n c e n t r a t i o n  of diffusing 
subs tance  a t  a n y  place  and  t i m e  in th is  t y p e  of sy s t em 
m a y  read i ly  be t r a n s f o r m e d  to  give the  solu t ions  for 
more  diff icul t  problems,  where  in i t i a l ly  t he  diffusing 
subs tance  has  zero c o n c e n t r a t i o n  in b o t h  regions  and  is 
t h e n  p roduced  in region 1 a t  a c o n s t a n t  ra te  m (e.g. 
mole/cm3[s), s imu l t aneous ly  diffusing in to  region 2. 

F o r  the  fo rmer  sys tems  the  equa t ions  

06 Ot = DzS72c'I with c~ = c o at t = O, (1) 

Oc'~_ = D 2 V  ~c'2 with c~ = 0 at t = 0 ,  (2) 
Ot 

a p p l y  to regions  1 and  2 respec t ive ly .  

N o w  cons ider  t he  t r an s fo rma t ions  

t t 

cl = @ f  ci dt and c, = ~,o / C ;  dt . 
0 0 

Dif fe ren t i a t ing  q gives 
l 

Oq m 0 f , rn c i 
Ot c; N q d t =  c---~o 

o 

and  
t t 

D I V ~ c x =  c ~  D a V a  c~dt = -~( .  xV c ld t .  

0 0 

(3) 

S u b s t i t u t i n g  for D 1 V zc~ f rom (1) resul ts  in 

1 E.g. CARSLAwand JA~GER, Conduction o/Heat in Solids (Oxford 
Univ. Press, 1947). 

t 

DIV=cl= c 6 . 1 0 t  at = e-~o (c6-c6) 
o 

and  s u b s t i t u t i n g  for mc~[c~ f rom (3) gives  

Oc x 
D 1 V a c t =  ~ -  - m .  

A p p l y i n g  the  s a m e  p rocedure  t o  c a shows t h a t  

0c a 
D~\Taq= Ot " 

Thus  if  c~ a n d  c~ are  so lu t ions  of  (1) and  (2) t h e n  c 1 a n d  
c z a re  so lu t ions  of  

0-7- -- Dx V a fi  + n~ 

and  

OCtl 
Ot = Da V 2 q .  

These  so lu t ions  will  on ly  a p p l y  for ce r ta in  in i t ia l  and  
b o u n d a r y  condi t ions .  

= ' and  c9' = 0, t hen  As a t  zero t i m e  c~ c o 

t 

= at = o 
o 

and  s imi la r ly  q = 0. Thus  q and  q obey  the  condi t ions  
c 1 =  0 a n d c = =  0 a t t =  0. 

F o r  the  b o u n d a r y  condi t ions ,  cons ider  f irst  t he  in te r -  
face be tween  the  two  regions.  I f  a t  th is  in te r face  
c~ = ac~ then  i t  is eas i ly  seen t h a t  fi  = =c v where  ~ is the  
pa r t i t i on  coef f ic ien t  of t he  diffusing subs tance  be tween  
the  two  media .  Also if Dz Oct/On = D, Oct/On a t  the  
in ter face ,  n be ing  the  no rma l  to t he  b o u n d a r y  surface,  
t h e n  

t 
D Ocl m f D  0c'1 m ; D  0c'2 C)q 

' - g i - d t =  7(-, aN-. a t = D a  O. 
0 0 

Thus  fi  and  c= will  sa t i s fy  D 1 C)Cz/O n = D 20q[O n a t  th is  
bounda ry .  A l t e r n a t i v e l y  if t he  in te r rac ia l  b o u n d a r y  
condi t ion  sat isf ied b y  c~ and  c~ is 

DxOc'l/On = DzOc'2l~)n = P (o~ c.~--c~) , 

cor respond ing  to  t h e  ex i s tence  of a m e m b r a n e  of per-  
meab i l i t y  P a t  t he  in ter face ,  t h e n  D t OQ/On = D a Off/On 
= P (• q -- fi) fo rms  the  cond i t ion  sat isf ied by  q and  c v 
for 

t t 

D OCl Oc a m f _~# m f p  1 ~  = Da On c~ 0 D a dt = c6 d (~c6-c~) dt 
0 o 

# ¢ 

= p [~ c'om d;C~dt-- mc, dfc~dt ] = P(c~ca--q)- 
O 0 
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I t  on ly  r e m a i n s  t o  cons ider  t h e  cond i t i ons  a t  t h e  
" o u t e r "  b o u n d a r i e s  of the  regions.  The t e r m  " o u t e r "  
b o u n d a r y  includes  m a t h e m a t i c a l  boundar ies ,  e.g. a t  
inf in i ty ,  or t he  cen t ra l  po in t  of a spher ica l  region,  or  t he  
axis  of a cyl indr ical  region.  L e t  r and  r 0 be t h e  r ad ius  
vec to r s  of general  po in t s  w i th in  a n d  on t h e  " o u t e r "  
bounda r i e s  of t he  s y s t e m  respec t ive ly .  Then ,  e i the r  
wi th  reference to  region / or region 2, i.e. to  c 1 or q ,  if c '  
is f ini te  when  r -~  r 0, t h e n  

t 
m 

= T f c , d t  
0 

will also be f ini te  as r + r 0" A l t e r n a t i v e l y  if Oc'/On ->- 0 
as r + r o t hen  

t 

O--n= c' o j On dt + 0 as r - ~  r 0, 
o 

n being the  n o r m a l  to  t he  " o u t e r "  b o u n d a r y .  

F ina l ly  an i l lus t ra t ion  is g iven  of t he  app l i ca t i on  of 
th is  t r a n s f o r m a t i o n  to  l inea r  d i f fus ion in t h e  n o r m a l  
d i rec t ion  across  a p lane  in te r face .  Consider  t h e  d i f fus ing 
subs t ance  possess ing  t h e  or ig ina l  c o n c e n t r a t i o n  c~ in 
region I (0 < x < l )  a n d  zero  in region 2 (x > l )  and  
t h e n  unde rgo ing  di f fus ion in to  reg ion  2. The  d i f fe ren t ia l  
equa t ions  

Oc '1 _ O~c'o 
0~-- -  D a O ~ -  for 0 < x  < I ,  

OG _ 
O'--t- -- D2 for x > l 

app ly ,  w i th  ini t ia l  cond i t i ons  

c~ = c~,c~ = 0 at t ,=  0, 

and  b o u n d a r y  cond i t ions  

Oc[/c)x=O at x = 0 ,  

c~ : O~ c~, D 1 C)c'l/Ox = D s Oc~/Ox at x = l, 

c~ finite as x --~ oo. 

The  so lu t ions  are 

o o  

2 , / ' e x p ( - - D l t u  s ) . s i n l u . c o s x u . d u  

0 

c~ = ~ - e ; v  ' e x p ( - D l t U 2 ) u ' S i n l u ' l ( u ) . d u  

0 

where  

t(u) = 
[cos l u" cos { (x - l) v u } - ~ v sin I u-  sin { (x - 1)v u }~ 

(cos 2 1 u  + ~Sv ~sin s l u )  

a n d  v = (DI/Ds)½ . 

Appl i ca t ion  of t he  t r a n s f o r m a t i o n s  gives 

o¢ 
2_ m_~a v f { 1 - exp ( - Dfl u ~) } .  sin l u .  cos x u .  du 

CÀ ~ D 1 J u a (cos z lu + ~sv2 sin s I u) 
0 

o o  

2 m y  f { 1 - e x p  ( - D a t u S ) } , s i n l u  . / ( u ) . d u  
C,, = ~ D 1 j u3 

o 

which  fo rm the  so lu t ions  to  t h e  p r o b l e m  in which  the  

d i f fus ing  s u b s t a n c e  is a b s e n t  in i t ia l ly  in b o t h  regions 
a n d  is t h e n  p r o d u c e d  u n i f o r m l y  t h r o u g h o u t  region 7 at  
r a t e  m a n d  diffuses  in to  reg ion  2. The  func t ions  c a and  c 2 
fo rm the  so lu t ions  of t he  d i f fe ren t ia l  equa t ions .  

0cl _ 02cl 
0-"t- - D t ~  + m for 0 < x < l ,  

0% 0% s 
~ -  = D  2-~xx2 for x > l ,  

w i t h  in i t ia l  cond i t i ons  q = 0, c, = 0 a t  t = 0, a n d  b o u n d -  
a ry  cond i t i ons  for c a a n d  c s wh ich  are iden t i ca l  w i t h  those  

i for  c[ a n d  c v 
D. G. O'SULLIVAN 

Cour tau ld  Ins t i tu te  o/ B iochemi s t r y ,  The  Midd le sex  
H o s p i t a l  M e d i c a l  School,  London ,  W .  1, A p r i l  2, 7954. 

Z u s a m m e n l a s s u n g  

Eine  grosse A n z a h l  y o n  AuflGsungen ffir m a t h e m a t i -  
sche Gle ichungen ,  die s ich  m i t  de r  Di f fus ion  e iner  Sub- 
s t anz  yon  e inem R a u m  ( R a u m  1), in d e m  sie urspr i ing-  
l ich in e inhe i t l i cher  K o n z e n t r a t i o n  v o r h a n d e n  s led ,  in 
e i n e n  a n d e r e n  R a u m  ( R a u m  2) befassen ,  s ind  a l lgemein  
zug~nglich.  Es  wi rd  Pine M e t h o d e  besch r i eben ,  die Auf- 
16sungen dieser  A r t  in solche u m w a n d e l t ,  die sich 
u n t e r  de r  B e d i n g u n g  v e r w e n d e n  lassen,  dass  die  di f fun-  
d i e r e n d e  S u b s t a n z  u rspr i ing l i ch  a b w e s e n d  ist ,  sp/ i ter  
j e d o c h  m i t  k o n s t a n t e r  Geschwind igke i t  (in R a u m  1) 
p r o d u z i e r t  wird.  E ine  solche Me t h o d e  der  U m w a n d l u n g  
is t  fiir  e ine  A n z a h l  yon  G r e n z s c h i c h t b e d i n g u n g e n  
( b o u n d a r y  condi t ions)  a n w e n d b a r .  

I s o l a t i o n  o f  C r y s t a l l i n e  A l d o s t e r o n e  f r o m  t h e  

U r i n e  o f  a N e p h r o t i c  P a t i e n t  

Since 1950 one of t he  p r e s e n t  a u t h o r s  (J .A.L, )  and  his 
co l l abora to r s  h a v e  d e m o n s t r a t e d  t h e  occur rence  of a 
s t r o n g l y  s o d i u m - r e t a i n i n g  cor t ico id  f r ac t ion  in t h e  urine 
of n o r m a l  h u m a n s  a n d  espec ia l ly  of o e d e m a t o u s  p a t i e n t s  
wi th  nephros i s  or conges t ive  h e a r t  fa i lureL The  act ive  
mater ia l ,  or ig inal ly  m e a s u r e d  by  bio-assay% was  shown 
to  m o v e  in ZAFFARONI'S p a p e r - c h r o m a t o g r a p h i c  s y s t e m  
wi th  cor t i sone  a, b e h a v i n g  t h u s  a n d  in o t h e r  r e spec t s  4 like 
t he  h igh ly  ac t ive  mine ra loco r t i co id  f rom ad rena l  cor- 
t ical  e x t r a c t s  of SIMPSON and  TAIT 5. S imi lar  a c t i v i t y  in 
ur ine f r ac t ions  of such  p a t i e n t s  has  been  o b s e r v e d  by 
SINGER et al.% a n d  r e c e n t l y  b y  COPE el at. ~ w h o  also 
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